A simple graph G = (V , E) admits a cycle-covering if every edge in E belongs at least to one subgraph of G isomorphic to a given cycle C. The graph G is C-magic if there exists a total labeling
I. INTRODUCTION AND DEFINITIONS
Fullerenes, the third type of carbon, have ended up essential atoms in science and innovation. In [1] , [6] , a massive literature is discussed about fullerenes along with their applications in science and innovation. Fullerenes are atoms made altogether out of carbon that were found in 1985 at Rice University. A large number of the viable uses of fullerenes take after straightforwardly from their uncommon properties. Significant chemical, physical and optical properties have been discussed in [7] , which makes fullerenes key segments for the eventual fate of nano-electromechanical frameworks. The most significant properties are displayed as its high electron affinity and oxidation of the atom. Fullerenes are amazingly solid atoms, ready to oppose extraordinary weights. In optical properties fullerenes have indicated specific guarantees in optical restricting and power subordinate refractive list. The uses of fullerene are utilizations in solar cell, hydrogen gas storage devices, harden metals and alloys, interdigitated capacitors (IDCs), treatment of AIDS and also in magnetic resonance imaging (MRI).
Let G = (V (G), E(G)) be a finite simple graph, where V (G) denote vertex set and E(G) denote edge set of G. The cardinality of vertices is denoted by |V (G)| and cardinality of edges denoted by |E(G)| respectively.
The associate editor coordinating the review of this manuscript and approving it for publication was Luca Barletta. Let K 1 , K 2 , . . . , K t be a collection of subgraphs of G then G has (K 1 , K 2 , . . . , K t )-edge-covering, if every edge of E(G) belongs to a subgraph K i , 1 ≤ i ≤ t. If each subgraph K i is isomorphic to some graph K , then G admits K -covering.
Consider G has K -covering. A bijective function f from the set V (G) ∪ E(G) into the set {1, 2, . . . , |V (G)| + |E(G)|} is called total labeling of G. The weight of a subgraph K , of G under f is the sum of vertices labels and edges labels correspond to K , . The total labeling f is a K -magic labeling of G if the weight of each subgraph isomorphic to K is equal to a given constant C. The graph G is K -magic if G has K -magic labeling. Moreover, if we used smallest possible labels for vertices of G, that is if f (v) ∈ {1, 2, 3, . . . , |V (G)|}, then G is said to be H -supermagic.
In 2005 Gutierrez and Llado [18] first introduced the idea of H -supermagic labeling. In [18] they showed that for some values of n the complete bipartite graph K n,m are K 1,n -supermagic. They also showed that for some n the path P n and the cycle C n are P h -supermagic. Later in 2007 Llado and Moragas [23] described some C n -super-magic graphs. Jeyanthi and Selvagopal [27] , [29] discussed the H -super magic strength of graphs and some C 4 -super magic graphs moreover some results of C 3 -super magic graphs can be found in [28] . In [24] the author showed that if a graph is C-supermagic then disjoint union of G denoted by mG for 2 ≤ m is also C-supermagic. In [26] the authors proved that the generalized splitting graph is cyclic supermagic.
A complete survey of cyclic super magic graphs can be seen in [8] . For more details about labeling and its applications, we refer [9] - [17] A cubic bipartite graph that can be drawn on the surface of torus is called the toroidal fullerene such that the each face of it is a hexagon. In [22] , [30] , remarkable work have been done in the context of full identification of toroidal fullerenes by employing diversified procedure. Some results about k-resonance of toroidal fullerenes and Kleinbottle polyhex can be found in [31] - [33] . 2-extendability of toroidal and Klein-bottle polyhexes is explained in [34] . The extrema fullerene graph with maximum Clar number is investigated in [35] . Numan et al. [4] explored the labeling (1,1,1) for toroidal fullerenes. Butt et al. [3] proposed the labeling (1,1,1) for Klein-bottle fullerenes. Moreover the total edge irregular strength of toroidal fullerene is investigated in [2] .
II. GRAPHICAL IDENTIFICATIONS OF TOROIDAL AND KLEIN-BOTTLE FULLERENES
In [19] and [20] the chemical relevance were studied for some features of toroidal polyhexes. For example, for the counting of isomers of toroidal polyhexes a systematic coding and classification scheme was given, the count of spanning trees and the calculation of the spectrum were discussed.
If we have a fundamental parallelogram then toroidal and Klein-bottle polyhexes can be constructed by Klein-bottle and toroidal identifications in appropriate orientation. Consider a regular hexagonal lattice L. Let cut a quadrilateral section P m n where m is the number of hexagon on the bottom or top side and n is the number of hexagons on lateral sides, see Figures [1] and [2] . We will use toroidal and Kelin bottle identification on P m n that is first we identify the lateral sides to form cylinder and then identify the top and bottom sides of the constructed cylinder in the same direction and in the opposite direction to form toroidal fullerenes H m n and Klein-bottle fullerene K m n respectively. We consider the toroidal polyhex H m n , where the vertex set V (H m n ), edge set E(H m n ) and face set F(H m n ) are defined as follows: Moreover the Klein-bottle polyhex K m n having the vertex set V (K m n ) and edge set E(K m n ) define as:
The index i is taken modulo m and the index j is taken modulo n. The cardinality of |V (H m n )| = |V (K m n )| = 2mn and |E(H m n )| = |E(K m n )| = 3mn. In the present paper we construct the cyclic super magic labeling for toroidal, Klein-bottle fullerenes, disjoint union and subdivision of toroidal and Kleinbottle fullerenes. We will show toroidal, Klein-bottle fullerenes and disjoint union of toroidal and Klein-bottle are C 6 -supermagic. Moreover the subdivision of toroidal fullerene, Klein-bottle fullerene and any graph homeomorphic to toroidal fullerene or Klein-bottle fullerene are cyclic-supermagic.
III. METHODOLOGY
First, we embedded the fullerenes graph on the surface of torus and Klein-bottle by using torus and Klein-bottle identification which are called toroidal and Klein-bottle fullerenes graphs. Secondly, we partition the vertex and edge sets of toroidal and Klein-bottle fullerenes in different categories. Thirdly, we use number theory for set partition to label the vertices and edges of toroidal and Klein-bottle fullerenes and then we use Langrange interpolartion to construct labeling formulas for our constructed labeling scheme. At the end we use super cyclic magic graph definition and calculus to derive our results for toroidal and Klein-bottle fullerenes.
IV. CYCLIC SUPER MAGIC LABELING OF TORODIAL AND KLEIN-BOTTLE POLYHEXES
Toroidal polyhex can be covered by cycles having six sides. Let z j i , 0 ≤ i ≤ m − 1, 0 ≤ j ≤ n − 1, be the 6-sided cycles covering H n m define as follows:
Let g be a total labeling of H m n . The weights of the cycles z j i , for 0 ≤ i ≤ m − 1, as follows:
and for j even, 0 ≤ j ≤ n − 2
Theorem 1: For n even, n ≥ 4 and m ≥ 2, the toroidal polyhex H m n admits C 6 -supermagic labeling. Proof: For 0 ≤ i ≤ m − 1, we define a labeling g that assigns values from 1 up to 5mn to the vertices and edges of H m n in the following way
We label the remaining vertices and edges as follows;
It is easy to verify that the labeling g used each integer from the set {1, 2, . . . , 5mn} exactly once and the vertices are labeled with the numbers {1, 2, . . . , 2mn}. By using (1), (2) and the total lableing g defined above the weights of 6-sided cycles z j i attain the values
As all the cycles weights are equal to 33mn + 6 we get that g is a C 6 -supermagic labeling of H m n . Like toroidal polyhex H m n Klein-bottle polyhex K m n is also covered by 6-sided cycles. Let z j i , 0 ≤ i ≤ m − 1 be 6-sided cycle covering K m n define as:
Let h be a total labeling of K m n . The weights of the cycles z j i , for 0 ≤ i ≤ m − 1, as follows:
and j = n − 1
For j even, 2 ≤ j ≤ n − 2
and for j = 0
Theorem 2: For n even, n ≥ 4 and m ≥ 2, the Klein-bottle polyhex K m n has C 6 -cyclic supermagic labeling Proof: Let h be a total labeling defined from the set V (K m n ) ∪ E(K m n ) to {1, 2, . . . , 5mn} in the following way:
It is easy to verify that the labeling h used each integer from the set {1, 2, . . . , 5mn} exactly once and the vertices are labeled with the numbers {1, 2, . . . , 2mn}. By using (3)- (6) and total labeling h defined above, the weight of 6-sided cycles is
Since weight of all 6-sided cycles is 27mn + 6, which showed that the Klein-bottle polyhex K m n is C 6 -supermagic.
V. CYCLIC SUPER MAGIC LABELING OF SOME GRAPHS DERIVED FROM TORODIAL AND KLEIN-BOTTLE POLYHEXES
If we have a graph G then r isomorphic copies of G denoted by rG that is disjoint union of r copies of G, where r ≥ 2. M. Asif et al. [24] proved that if a graph G is cyclic-supermagic then the disjoint union rG of G is also cyclic-supermagic for r ≥ 2. From this result we conclude the following result for disjoint union of torodial and Klein-bottle polyhexes. Theorem 3: For n even, n ≥ 4, m ≥ 2 and r ≥ 2 , the disjoint union rH m n , rK m n of toroidal polyhex H m n and Klein-bottle polyhex K m n admits C 6 -supermagic labelings. Consider a graph G then a subdivision of G is denoted by S(G) is obtained from G by inserting new vertices on edges of G more precisely S(G) can obtained from G if we replace edges of G by paths. If G had H -covering then S(G) has S(H )-covering where S(H ) denote subdivision of H . Numan et al. [36] showed that if a graph G is H -supermagic then S(G) is S(H )-supermagic. From the result of [36] we can obtain the following theorem.
Theorem 4: For n even, n ≥ 4 and m ≥ 2, the subdivided graphs S(H m n ), S(K m n ) of toroidal polyhex H m n and Kleinbottle polyhex K m n admits S(C 6 )-supermagic labelings. Next we extend our study to homeomorphic graphs. Two graphs G 1 and G 2 are homeomorphic to each other if they obtained from same graph G by using the operation of subdivision.
Theorem 5: Let G 1 and G 2 are two simple graphs obtained from the simple graph G. If G had cyclic-supermagic labeling then G 1 and G 2 also admits cyclic-super magic labeling.
The proof of the above theorem is a consequence of the result in [36] . Since G 1 and G 2 can obtained from subdivision of G and the graph G is cyclic-supermagic therefore by using results of [36] both G 1 and G 2 are cyclic-supermagic. From Theorem 5 we can obtain that any graph G homeomorphic to the graph H m n or K m n is cyclic-supermagic.
VI. CONCLUSION
In this paper first we show that the toroidal polyhex H m n and Klein-bottle polyhex K m n for every m ≥ 2 and even n ≥ 4 is C 6 -supermagic. Secondly, we show that for every m ≥ 2, r ≥ 2 and even n ≥ 4 the disjoint union r(H m n 0 of toroidal polyhex and disjoint union r(K m n ) Klein-bottle polyhex are C 6 -supermagic. Finally, we show that any graph homeomorphic to H m n or K m n is cyclic-supermagic. We conclude our paper with the following open problem.
VII. OPEN PROBLEM
Is the Klein-bottle polyhex K m n is C 6 -supermagic for other cases of Klein-bottle? Also it is interesting problem to find out C 6 -supermagic labeling for the families of graphs studied in [37] - [41] .
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